Abstract. We construct the minimal free resolution of the residue field over a normal toric surface.
Denote by α 1 , . . . , α n the minimal generators of Λ. Then 2 . The ideal I Λ might not be homogeneous with respect to the usual grading, but it is always N 2 -graded.
We are interested in resolving k as a k[Λ]-module. The Betti numbers were first studied in [LS] , and then it was proved in [PRS] (also see [HRW] ) that
In this paper we construct a minimal free resolution F of the residue field k over k [Λ] . The resolution has the following properties:
• the basis elements of F as a k[Λ]-module and the differential maps are given explicitly by simple formulas; • the resolution F is binomial: for i ≥ 2 denote by D i the matrix of the differential d i in F, then any column in D i has two non-zero entries and they are monomials; • F lifts the minimal free resolution in [Fr, Theorem in §3] 
where in ≺ (I Λ ) is a quadratic initial ideal.
The construction of F is presented in Section 2 and is proved in Section 3. We demonstrate the construction in Example 2.5 for the twisted cubic curve; in this very special example minimal free resolutions of k are given by Golod's construction, Priddy's construction, and Anick's construction, however none of them is as simple as F. The motivation for this paper was to obtain explicit nice minimal free resolutions for all rational normal curves.
II. Minimal free resolution.
In this section we construct the minimal free resolution of k over a normal toric surface and demonstrate the construction in Example 2.5.
Order the unique set of minimal generators α 1 , . . . , α n of Λ so that det(α i , α i+1 ) ≤ 0 for i = 1, 2, . . . , n − 1. Let ≺ be the purely lexicographic term order on k[x 1 , . . . , x n ]. The toric ideal I Λ has a minimal Gröbner basis consisting of the n−1 2 binomials:
(2.1)
(For definition and properties of Gröbner basis see [Ei] .) The underlined monomials generate the initial ideal in ≺ (I Λ ) = x i x j : 1 ≤ i < j − 1 ≤ n − 1 , which is the Stanley-Reisner ideal for the "zig-zag poset" poset P on {x 1 , x 2 , . . . , x n }, (namely, P has covering relations [Fr, Theorem in §3] . Our construction lifts this resolution to k[Λ] using the specific relations (2.1).
We now construct a minimal free resolution F of k over k [Λ] . We define F to be the free
.
As we mentioned in the Introduction, by [PRS] the Betti numbers of k are
so the Poincaré series of k is
and it can be seen by [Fr] that the Hilbert series of Q is the same. We say that a y-monomial y i 1 y i 2 . . . y i p ∈ Q is standard if y i 1 is the smallest variable that can be factored to the left (modulo the relations defining Q) and y i 2 . . . y i p is standard. The standard y-monomials of degree i form a basis for the free k[Λ]-module F i . In what follows the letter m denotes a standard y-monomial. Next we define a differential d on F which is homogeneous with respect to the N 2 -grading.
For y-monomials of degree ≤ 2 we set
p are uniquely determined by (2.1); this choice of the coefficients ensures that the differential is homogeneous with respect to the N 2 -grading.
Let y i y j y l m be an arbitrary standard y-monomial of degree ≥ 3. We define
Finally we extend the action of the differential d to all of F by k[Λ]-linearity. The following theorem is our main result; it is proved in the next section.
Example 2.5. The twisted cubic curve. We consider the monoid Λ generated by
is the toric ring of the twisted cubic curve. In this case the equations in (2.1) are the defining equations. The minimal free resolution of
The differential acts on the standard monomials in the following way (the notation is as in (2.2) and (2.3)):
III. Proof.
In this section we prove Theorem 2.4 in a sequence of three lemmas:
Proof. In order to simplify the notation we consider (
is one-dimensional (over k) in each multidegree, it suffices to show thatd 2 annihilates all standard y-monomials. The action ofd on a standard ymonomial M depends only on the arrangement of the three leftmost variables in M . Our proof splits into seven possible cases for these arrangements. The complex F is spanned as a k-vector space by monomials in x and y. The commutative x-part obeys the relations in k[Λ] and the non-commutative y-part obeys the relations in Q. We call such a monomial spanning if it has the form x c i x e i+1 y i+1 y j m where either y i+1 y j m is standard or i = j and y i y i+1 m is standard.
Lemma 3.2. The set of spanning monomials spans the k-vector space F/Im(d).
Proof. Every monomial in F ≥2 can be written in the form M = x c i x e i+1 y r y s m , where y r y s m is standard. If c = e = 0, then M is spanning. We therefore assume c > 0. We set X(M ) = i and Y (M ) = r. Thus M is spanning if and only if Y (M ) − X(M ) = 1. We will show that every non-spanning monomial M is congruent modulo Im(d) to another monomial M which is closer to being spanning. Depending on whether X(M ) − Y (M ) is positive, zero, or negative, we use one of the following reduction procedures:
Rewriting M in standard form, we see that
Positive reduction 1: Proof. Consider any non-zero Λ-homogeneous k-linear combination of spanning monomials,
where β s ∈ k. To prove Lemma 3.3, we must show that d(N ) = 0. We shall assume that each monomial in N is written so that the differential acts on the first two y-variables (to obtain this we switch the second and third y-variables if necessary). We call z s the order of the term x 
